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group
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Beijing 100039, The People’s Republic of China

Received 11 December 1997

Abstract. We constructed a factorized representation of the Felder’s elliptic quantum group by
using the intertwining vectors, and further derived its explicit form which is, in a special case,
identical with what Bo-yu Houet al gave, i.e. a cyclic representation of the Sklyanin algebra
up to a factor.

The elliptic quantum group [2–4] has recently attracted much attention. In this letter,
we will study the factorized representation of Felder’s elliptic quantum group in terms of
intertwining vectors, originally introduced in [5], which relate the interaction-round-a-face
(IRF) model [6, 7] and the Belavin’s vertex model [8], i.e. vertex-IRF correspondence
[1, 9–11]. Furthemore, we will also derive its explicit form.

We introduce first theZn-symmetric Belavin’s vertex model and the face model. LetV

be a complexn-dimensional vector space with the standard orthonormal basis{εi}i∈Zn . Both
g andh are the linear operators acting onV , and satisfygεi = ωiεi andhεi = εi−1 with
ω = exp(2π i/n). The state variables of this vertex model defined on a two-dimensional
lattice L take values inZn-spin. Its Boltzmann weight for a single vertex give a matrix
representation of a linear mapR : V ⊗ V → V ⊗ V in the basis{εi ⊗ εk}

R(εi ⊗ εk) =
∑
j,l∈Zn

εl ⊗ εj Rjlik .

TheZn-symmetric BelavinR-matrix [1, 10] can be written as

R(z) = P
∑

(α1,α2)∈Z2
n

σα(z+ γ ′/n)
σα(γ ′/n)

(gα1hα2)⊗ (gα1hα2)−1

whereP(x, y) = (y, x) with (x, y) ∈ V ⊗V , α = (α1, α2) ∈ Zn⊗Zn, τ ∈ C with Im τ > 0
and

σα(z) ≡ θ
( 1

2 + α2/n
1
2 + α1/n

)
(z, τ ) θ(z, τ ) = θ

( 1
2
1
2

)
(z, τ )

θ

(
a

b

)
(z, τ ) =

∑
n∈Z

exp{iπ(n+ a)2τ + 2iπ(n+ a)(z+ b)}

θ(j)(z) = θ
( 1

2 − j/n
1
2

)
(z, nτ) for n > 2.
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The integrable condition of the system is the Yang–Baxter equation (YBE):

R12(z1− z2)R
23(z1)R

12(z2) = R23(z2)R
12(z1)R

23(z1− z2)

whereVi are copies ofCn, andRij acts only onith andj th spaces. Note that there is a
small difference between some symbols in this letter and those of other papers.

On the other hand, there is a relative interaction-round-a-face (IRF) model on the dual
lattice L∗. For convenience, we denote, byW(a, b, c, d, z), its boltzmann weight for a

state configuration

(
a b

d c

)
round a face witha, b, c, d ∈ h∗ which is the weight space

of the Lie algebrasln, namely the dual space of the Cartan subalgebrah of sln. The only
non-vanishing Boltzmann weights [10] can be represented as

W(m,m− ej ,m− 2ej ,m− ej , z) = θ(z+ γ ′)
θ(γ ′)

W(m,m− ej ,m− ej − ek,m− ej , z) = θ(z+ γ ′mjk)
θ(γ ′mjk)

(j 6= k)

W(m,m− ej ,m− ej − ek,m− ek, z) = θ(z)θ(γ ′mjk − γ ′)
θ(γ ′)θ(γ ′mjk)

(j 6= k)

(1)

whereγ ′ is a parameter,mjk = mj −mk, andej = (0, . . . ,1, . . . ,0), 1 is at thej th place.
They satisfy the YBE:∑
g

W(a, b, c, g, z1− z2)W(g, c, d, e, z1)W(a, g, e, f, z2)

=
∑
g

W(b, c, d, g, z2)W(a, b, g, f, z1)W(f, g, d, e, z1− z2). (2)

However, there are the following vertex-IRF correspondence:∑
i ′,j ′

R(z1− z2)
ij

i ′j ′φ(z1)
a i ′
b φ(z2)

b j ′
c =

∑
d

φ(z2)
a j

d φ(z1)
d i
c W(a, b, c, d, z1− z2) (3)∑

i ′,j ′
φ̄(z2)

a j ′
d φ̄(z1)

d i ′
c R(z1− z2)

i ′j ′
ij =

∑
b

W(a, b, c, d, z1− z2)φ̄(z1)
a i
b φ̄(z2)

b j
c . (4)

The aboveφ(z)ba is the incoming intertwining vector defined as

φ(z)ba = t (φ(z)b 0
a , φ(z)b 1

a , . . . , φ(z)b n−1
a )

φ(z)b ia =
{
θ(i)(z+ nγ ′mj) if b − a = ej
0 otherwise

b = (m0, m1, . . . , mn−1).

The aboveφ̄(z)ba is the outgoing intertwining vector defined as follows

φ̄(z)ba = (φ̄(z)b 0
a , φ̄(z)b 1

a , . . . , φ̄(z)b n−1
a )

φ̄(z)b ib−ej = B(z)ij / detA

whereA is ann× n matrix whose elements areAij with i, j ∈ Zn given by

Aij = φ(z)b ib−ej = θ(i)(z+ nγ ′mj)
andB is the cofactor matrix ofA. The elements ofB are denoted byBij .

We are now in the position to introduce the Felder’s elliptic quantum group [2, 3] which
is closely related to the IRF model. Let̃V be ann-dimensional diagonalizableh-modules
with the basisej defined as before, and̃R(z, λ) ∈ End(Ṽ ⊗ Ṽ ) theR-matrix of the elliptic
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quantum groupE = Eτ,γ (sln) with z ∈ C and an addition variableλ = (λ1, . . . , λn) ∈ h∗.
It is a solution of the dynamical YBE

R̃(z1− z2, λ− γ h(3))12R̃(z1, λ)
(13)R̃(z2, λ− γ h(1))23

= R̃(z2, λ)
23R̃(z1, λ− γ h(2))13R̃(z1− z2, λ)

12. (5)

whereR̃(z, λ−γ h(3))12 acts on a tensorv1⊗v2⊗v3 asR̃(z, λ−γµ3)⊗ Id if v3 has weight
µ3. Let Ei,j be then× n matrix satisfyingEi,j ek = δj,kei , then the formula forR̃ is

R̃(z, λ) =
n∑
i=1

Ei,i ⊗ Ei,i +
∑
i 6=j

α(z, λij )Ei,i ⊗ Ej,j +
∑
i 6=j

β(z, λij )Ei,j ⊗ Ej,i (6)

whereλij = λi − λj and

α(z, λ) = θ(z)θ(λ+ γ )
θ(z− γ )θ(λ) β(z, λ) = −θ(z+ λ)θ(γ )

θ(z− γ )θ(λ) .

The elliptic quantum groupE = Eτ,γ (sln) is an algebra generated by a meromorphic
function of a variableh and the matrix elements of a matrixL(z, λ) ∈ End(Ṽ ) with non-
commutative entries, subject to the following equation

R̃(z1− z2, λ− γ h(3))12L(z1, λ)
(13)L(z2, λ− γ h(1))23

= L(z2, λ)
23L(z1, λ− γ h(2))13R̃(z1− z2, λ)

12. (7)

On the other hand, there is an important relation between theR̃-operator and the Boltzmann
weightW(a, b, c, d, z) of the IRF model:

θ(z− γ )
−θ(γ ) R̃(z, γm) ej ⊗ ek =

∑
i=j,k

W(m,m− ej ,m− ej − ek,m− ei, z)ei ⊗ el

whereγ = −γ ′, ei = ej + ek − el . Thus, we can write down the component form of the
equation (7) in terms of the Boltzmann weight,∑
j=l,l′

W(a, b, c, d, z1− z2)L
(1)(z1, λ)

j

kL
(2)(z2, λ− γ h(1))j

′
k′

=
∑
j1=k,k′

L(2)(z2, λ)
l′
j1
L(1)(z1, λ− γ h(2))li1W(a′, b′, c′, d ′, z1− z2) (8)

where

γ a = λ− γ h(3) = λ− γµ3 γ a′ = λ γ = −γ ′ (9)

a − b = ej b − c = ej ′ a − d = el′ d − c = el (10)

a′ − b′ = ek b′ − c′ = ek′ a′ − d ′ = ej1 d ′ − c′ = ei1 (11)

ej + ej ′ = el + el′ ek + ek′ = ei1 + ej1. (12)

At present, we will derive the factorized representation by using vertex-IRF
correspondence.

Multiply both sides of equation (4) from the right byφ(z1 + ξ)a′ ib′ φ(z2 + ξ)b
′ j
c′ , and

sum overi, j , then the right-hand side (RHS) of the equation becomes

RHS=
∑
b

∑
i,j

W(a, b, c, d, z1− z2)φ̄(z1)
a i
b φ̄(z2)

b j
c φ(z1+ ξ)a′ ib′ φ(z2+ ξ)b

′ j
c′

=
∑
b

W(a, b, c, d, z1− z2)

[∑
i

φ̄(z1)
a i
b φ(z1+ ξ)a′ ib′

]
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×
[∑

j

φ̄(z2)
b j
c φ(z2+ ξ)b

′ j
c′

]
=
∑
b

W(a, b, c, d, z1− z2)L̃(z1)
aa′
bb′ L̃(z2)

bb′
cc′

whereL̃(z1)
aa′
bb′ =

∑
i φ̄(z1)

a i
b φ(z1+ξ)a′ib′ . The left-hand side (LHS) of the equation becomes

LHS=
∑
i,j,i ′,j ′

φ̄(z2)
a j ′
d φ̄(z1)

d i ′
c R(z1− z2)

i ′j ′
ij φ(z1+ ξ)a′ ib′ φ(z2+ ξ)b

′ j
c′

from equation (3)

=
∑
i ′,j ′

φ̄(z2)
a j ′
d φ̄(z1)

d i ′
c

[∑
d ′
φ(z2+ ξ)a

′ j ′
d ′ φ(z1+ ξ)d ′ i ′c′

×W(a′, b′, c′, d ′, z1− z2)

]
=
∑
d ′

∑
j ′i ′

[φ̄(z2)
a j ′
d φ(z2+ ξ)a

′ j ′
d ′ ][ φ̄(z1)

d i ′
c φ(z1+ ξ)d ′ i ′c′ ]

×W(a′, b′, c′, d ′, z1− z2)

=
∑
d ′
L̃(z2)

aa′
dd ′L̃(z1)

dd ′
cc′W(a

′, b′, c′, d ′, z1− z2).

Thus we obtain an equation as follows from RHS= LHS∑
b

W(a, b, c, d, z1− z2)L̃(z1)
aa′
bb′ L̃(z2)

bb′
cc′ =

∑
d ′
L̃(z2)

aa′
dd ′L̃(z1)

dd ′
cc′W(a

′, b′, c′, d ′, z1− z2).

(13)

If L1(z1, λ)
j ′
k = L̃(z1)

aa′
bb′ =

∑
i φ̄(z1)

a i
b φ(z1 + ξ)a′ib′ with equations (9)–(12) satified, then

equation (13) states thatL(1)(z1, λ)
j

k gives the factorized representation of the elliptic
quantum group defined in equation (7) or (8). Furthermore, we will derive a more explicit
form as follows.

L(1)(z, λ)i
′
i =

∑
i

φ̄(z)a ib φ(z+ ξ)a′ib′ a − b = ej a′ − b′ = ek

=
∑
i

φ̄(z)a ia−ej φ(z+ ξ)a
′ i
a′−ek

=
∑
i

Bij (z)

detA(z)
φ(z+ ξ)b′ ib′−ek

= 1

detA(z)

∑
i

Bij (z)φ(z+ ξ)a′ ia′−ek

= 1

detA(z)

∣∣∣∣∣∣∣∣∣
θ(0)(nz0) · · · φa

′ 0
a′−ek (z+ ξ) · · · θ(0)(nzn−1)

θ (1)(nz0) · · · φa
′ 1
a′−ek (z+ ξ) · · · θ(1)(nzn−1)

· · · · · · · · · · · · · · ·
θ(0)(nzn−1) · · · φa

′ n−1
a′−ek (z+ ξ) · · · θ(n−1)(nzn−1)

j th column

∣∣∣∣∣∣∣∣∣
= DetF(z)

detA(z)
(14)
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where

DetF(z) =

∣∣∣∣∣∣∣∣∣
θ(0)(nz0) · · · θ(0)(nz′k) · · · θ(0)(nzn−1)

θ (1)(nz0) · · · θ(1)(nz′k) · · · θ(1)(nzn−1)

· · · · · · · · · · · · · · ·
θ(n−1)(nz0) · · · θ(n−1)(nz′k) · · · θ(n−1)(nzn−1)

j th column

∣∣∣∣∣∣∣∣∣ (15)

nzi = z+ nγ ′ai nz′k = z+ ξ + nγ ′ai γ = −γ ′ (16)

a = γ−1(λ− γ h3) = γ−1(λ− γµ3) a′ = γ−1λ. (17)

From the elliptic function theory, it can be shown [10] that

DetA(z) = C1σ0

( n−1∑
j=0

zj − n− 1

2

)∏
i<i ′

σ0(zi − zi ′) (18)

DetF(z) = C2σ0

( n−1∑
j ′=0

zj ′ − n− 1

2
− zj + z′k

) ∏
j 6=i<j ′ 6=j

σ0(zi − zj ′)

×
∏
i<j

σ0(zi − z′k)
∏
i>j

σ0(z
′
k − zi) for fixed j, k (19)

where bothC1 andC2 are zi , z′k independent constants. Thus, without loss of generality,
we will drop them below. From equations (14), (18) and (19), and for fixedj, k, we can
obtain the following result:

L(z, λ)
j

k =
DetF

DetA

= σ0(
∑n−1
j ′=0 zj ′ − zj + z′k − n−1

2 )

σ0(
∑n−1
j ′=0 zj ′ − n−1

2 )

∏
i<j σ0(zi − z′k)∏
i<j σ0(zi − zj )

∏
i<j σ0(zi − z′k)∏
i>j σ0(z

′
k − zi)

= σ0(
∑n−1

i=0 zi − zj + z′k − n−1
2 )

σ0(
∑n−1

i=0 zi − n−1
2 )

∏
i 6=j σ0(z

′
k − zi)∏

i 6=j σ0(zj − zi) . (20)

Substituting equation (16) and (17) into the above equation (20), we obtain the explicit form
of factorized representation:

L(z, λ)
j

k =
σ0(z+ ξ

n
− γ δ − γ akj − n−1

2 )

σ0(z− γ δ − n−1
2 )

∏
i 6=j

σ0(− ξ

n
+ γ aki)

σ0(γ aji)
(21)

whereδ =∑n−1
i=0 ai anda = γ−1(λ− γ h(3)) = γ−1(λ− γµ3).

In summary, we constructed a factorized representation of Felder’s elliptic quantum
group by intertwining the vectors, and calculated further its explicit form which is, in a
special casej = k, identical to what Bo-yu Houet al [1] gave, i.e. a cyclic representation
of the Sklyanin algebra up to a factor.

FY is grateful to Professor Bo-yu Hou and Professor Kang-jie Shi for valuable discussions.
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